
Quantum dynamics in electron-nuclei coupled spin system in quantum dots:
Bunching, revival, and quantum correlation in electron-spin measurements

Özgür Çakır and Toshihide Takagahara
Department of Electronics and Information Science, Kyoto Institute of Technology, Matsugasaki, Kyoto 606-8585, Japan

and CREST, Japan Science and Technology Agency, 4-1-8 Honcho, Kawaguchi, Saitama 332-0012, Japan
�Received 21 August 2007; revised manuscript received 7 November 2007; published 4 March 2008�

We investigate quantum dynamics in the electron-nuclei coupled spin system in quantum dots and clarify the
fundamental features of quantum correlation induced via successive electron-spin measurements. This quantum
correlation leads to interesting phenomena such as the bunching of outcomes in the electron-spin measure-
ments and the revival of an arbitrary initial electron-spin state. The nuclear spin system is also affected by the
quantum correlation and is, in fact, squeezed via conditional measurements or postselection. This squeezing is
confirmed by calculating the increase in the purity of the nuclear spin system. Thus, the successive electron-
spin measurements provide a probabilistic method to squeeze the nuclear spin system. These new features are
predicted not only for the case of double quantum dots occupied by a pair of electrons but also for the case of
a single quantum dot occupied by a single electron or a pair of electrons.
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I. INTRODUCTION

Quantum state control in solid systems is a challenging
task due to the strong coupling of solid state systems to
environments in contrast with the atomic systems in which
the coupling to environments is much weaker. However, the
prospect of realizing scalable architectures for quantum in-
formation processing motivated the investigation on solid
state/semiconductor structures. Electron spins in semicon-
ductor quantum dots �QDs� proved to be one of the most
promising two-level systems for the quantum state control1

due to their long decoherence times. Main decoherence
mechanisms are the coupling to phonons via the spin-orbit
interaction and the hyperfine �HF� interaction with the host
nuclei. The spin-orbit interaction leads to an exponential de-
cay of the longitudinal and transverse electron-spin compo-
nents characterized by T1 and T2 times.2,3 Under the strong
confinement and a weak magnetic field, the phonon-
mediated decoherence is greatly suppressed, whose time con-
stant was demonstrated to reach up to 100 ms.4 Instead, the
contact HF interaction of the electron spin with the lattice
nuclei dominates the decoherence.5–7 Contrary to the spin-
orbit-mediated decoherence, the HF interaction can lead to
pure dephasing, and it features a Gaussian decay. The HF
interaction acts on a time scale proportional to the square
root of the number of nuclei � /T2

*=A /�N, where A is the
material specific HF coupling constant and N is the number
of host nuclei. For example, for GaAs A=90 �eV �Ref. 8�
and for a QD having 106 nuclei, the HF induced decoherence
time T2

* is �10 ns. In order to suppress the HF induced de-
coherence, several proposals have been made, such as the
measurement of the HF field9–11 and the polarization of
nuclear spins, which will reduce the fluctuations in the HF
field.12 However, to achieve these, one has to do highly pre-
cise measurements or to polarize the nuclear spins to a high
degree.

In small mesoscopic structures, the HF interaction is, so
far, the only mechanism to probe nuclear spins since, typi-
cally, NMR signals from such small ensembles of nuclear

spins are too weak to detect. A coherent manipulation of a
mesoscopic ensemble of nuclear spins has been realized in
semiconductor point contact devices where magnetization of
nuclear spins is probed by resistance measurements.13 Hy-
perfine interactions lead to many interesting effects, such as
lifting of spin blockade in transport through double QDs,14

oscillatory currents in the spin blockade regime driven by the
HF field,15 and probing nuclear spin relaxation in the Cou-
lomb blockade regime.16 Coherent manipulation of the spin
state of a pair of electrons on a double QD has been achieved
via electrical control of the exchange energy difference be-
tween the singlet and triplet spin states,17 where the singlet-
triplet mixing via the HF interaction has been observed.

In light of this recent progress in the studies on the
electron-spin qubits and the HF interaction in QDs, we are
going to investigate the quantum dynamics of the electron-
nuclei coupled spin system, especially the manipulation and
preparation of nuclear spin states via the HF interaction,
which in turn lead to interesting effects, such as bunching
in electron spin measurements and the electron state
revival.18,19

Our paper is organized as follows. In Sec. II, we discuss a
double QD model and the HF interaction and make compari-
son with available experimental data to derive relevant
physical parameters. In Sec. III, we study the bunching in
electron-spin measurements, which arises as a result of cor-
relations between the successive electron-spin measurements
induced by the HF interaction. In Sec. IV, we will show that
nuclear spins can be conditionally purified via electron-spin
measurements, the manifestation of which is the revival of
the electron-spin state, enabling the retrieval of an arbitrary
electron-spin state. These newly predicted phenomena,
bunching and revival, are not necessarily restricted to the
case of an electron pair in a double QD and can be observed
in more general cases. In Sec. V, we discuss the feasibility to
observe these phenomena in the electron-spin measurements
for a single QD occupied by either a single electron or a pair
of electrons. Finally, our results and predictions are summa-
rized in Sec. VI.
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II. DOUBLE QUANTUM DOT MODEL

We are going to consider a laterally coupled double QD
system occupied by two electrons. QDs are formed on a
two-dimensional electron gas under a uniform magnetic
field, and the dynamics is assumed to take place only in the
transverse spatial coordinates denoted by x and y. In this
section, Zeeman energies are not taken into account because
they are not essential for the orbital dynamics. The orbital
motion of electrons are governed by the Hamiltonian20,22

H = �
i=1,2

� 1

2m
�pi +

e

c
A�ri��2

+ V�xi,yi�	 + Vc�
�1 − �2
� ,

�1�

V�x,y� =
1

2

m�2

4a2 �x2 − a2�2 +
1

2
m�2y2 − �x, VC�r� =

e2

�r
,

�2�

A�r� =
B

2
�− y,x,0� , �3�

where the confining potential is modeled by a double well
potential which can be approximated by a harmonic potential
near x= �a, the two-dimensional vector is represented by
�= �x ,y�, � is the external electric field, e is the elementary
electric charge �e�0�, c is the light velocity in vacuum, and
� is the dielectric constant. Assuming the low temperature
such that ��	kT, we study the dynamics within the mani-
fold of the ground state orbitals, consisting of 
20,S�,

11,T0,��, 
11,S�, and 
02,S�. Here, 
nm ,S�T�,0�� denotes the
state with the electron occupation number n �m� in the left
�right� dot, and S and T�,0 indicate, respectively, the singlet
and triplet spin states. When both electrons are in the same
dot, they are always in the singlet state since the orbital part
is symmetric. However, when they are in different dots, the
orbital part may be in an antisymmetric or a symmetric com-
bination of ground state orbitals of the left and right QDs,
and thus, the spin state may be a triplet or singlet state. For
example, the orbital part of 
11,S�T�� is given by

�
L�1�
R�2� � 
L�2�
R�1�/�2 �4�

for the symmetric ���/antisymmetric ��� combination of
two electrons: One electron is localized in the left and the
other in the right QD. The orbital state 
L�1�
R�2� is an
eigenstate of the Hamiltonian �Eq. �1� approximated by the
local harmonic potentials excluding the Coulomb potential,

H0 = �
i=1,2

1

2m
�pi +

e

c
A�ri��2

+ V0�x1 + a,y1� + V0�x2 − a,y2�

− ��x1 + x2� , �5�

with

V0�x,y� =
1

2
m�2�x2 + y2� . �6�

Then, the ground eigenstate is given by displaced harmonic
oscillator states,


L�1�
R�2� = 
�x1 + a −
�

m�2�
�y1�

�
�x2 − a −
�

m�2�
�y2� , �7�

where each wave function satisfies

� 1

2m
�p +

e

c
A�r��2

+
1

2
m�2��x � a�2 + y2 − �x�

�
�x � a −
�

m�2�
�y�

= �� � �a −
�2

2m�2�
�x � a −
�

m�2�
�y� , �8�

with


�x − x0� =
1

����
exp�−

�x − x0�2

2�2 �exp�− iex0By/�2�c� ,

�9�

�2 =
�

m
,  =��2 +

�c
2

4
, �c =

eB

mc
. �10�

For the orbital parts of 
02,S� and 
20,S�, one has to cal-
culate the eigenstates of two electrons occupying a single
QD including the Coulomb potential,

H0 = �
i=1,2

� 1

2m
�pi +

e

c
A�ri��2

+
1

2
m�2��xi � a�2 + yi

2 − �xi	
+

e2

�
�1 − �2

. �11�

When the onsite Coulomb energy is smaller than the or-
bital energy splitting, the 
02,S� or 
20,S� state orbital can be
approximated by the product of the ground state orbitals of
the harmonic oscillator. In this case, the ground state energy
for the 
02,S� and 
20,S� states is given by

E02 = 2� − 2�a −
�2

m�2 + �C,

E20 = 2� + 2�a −
�2

m�2 + �C, �12�

where the onsite Coulomb energy �C is calculated as

�C = ��/2e2/���� . �13�

The exchange energy is found by calculating the energy
of the 
11,S�T�� state using the full Hamiltonian �Eq. �1�,

�11,S�T�
H
11,S�T�� = � + EC � EX � �t0R�
R

L�

+ t0L�
L

R�� , �14�

with

EC = �
R�1�
L�2�� e2

�
r1 − r2

�
R�1�
L�2�� , �15�
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EX = �
R�1�
L�2�� e2

�
r1 − r2

�
R�2�
L�1�� , �16�

t0R = �
L
�VR�x�

R� ,

�VR�x� =
1

2

m�2

4a2 �x2 − a2�2 −
1

2
m�2�x − a�2, �17�

t0L = �
R
�VL�x�

L� ,

�VL�x� =
1

2

m�2

4a2 �x2 − a2�2 −
1

2
m�2�x + a�2, �18�

where � ��� corresponds to the 
S� �
T�� state, EC is the
direct Coulomb energy, EX is the exchange integral, and t0R
is almost equal to t0L when a	� / �m�2� and t0 defined by
t0= t0R� t0L has a meaning of the single particle tunneling
amplitude. Restricting the Hamiltonian to the relevant two
electron states, it is given as

H = 2�1 + �− 2�a + �C�
02,S��02,S


+ �2�a + �C�
20,S��20,S


+ �EC −
j

2
� �

�=�,0

11,T���11,T�


+ �EC +
j

2
�
11,S��11,S
 + tR�
11,S��02,S
 + H.c.�

+ tL�
11,S��20,S
 + H.c.� �19�

with

tR = �11,S
�VR�x1� + �VR�x2�
02,S�, j = 2EX + 4t0�
R

L� ,

tL = �11,S
�VL�x1� + �VL�x2�
20,S� , �20�

where tR and tL are the tunneling amplitudes, and it can be
shown that tR� tL� t=�2t0 when the onsite Coulomb energy
is smaller than the orbital energy splitting and the 
02,S� or

20,S� state orbital reduces to the product of the ground state
orbitals of the harmonic oscillator. The structure of this
Hamiltonian can be seen clearly in the matrix form

�

20,S� 
02,S� 
11,S� 
11,T��

2�a + �C 0 t 0

0 − 2�a + �C t 0

t t EC + j/2 0

0 0 0 EC − j/2
� . �21�

When the energy offset between the two QDs by the elec-
trical bias is quite large, namely, �a	 
t
, one can consider
the dynamics only in the �1,1� and �0,2� charge states, where
the energy of the state 
11,S� is renormalized by

�E = t2/�− 2�a + EC + j/2 − �C� �22�

in consequence of the adiabatic elimination of the �2,0�
charge state.

The Hamiltonian �Eq. �19� can be put in a simpler form,

H = − �/2
02,S��02,S
 + �/2
11,S��11,S
 + t�
11,S��02,S


+ H.c.� + ��/2 − j − �E� �
�=0,�


11,T���11,T�
 , �23�

with

� = 2�a + EC − �C + j/2 + �E , �24�

which is offset by some constant energy with respect to Eq.
�19�. 
02,S� and 
11,S� charge states hybridize to form new
eigenstates 
−,S� and 
+ ,S� given by


 � ,S� =
1

���/2 � ��2/4 + t2�2 + t2
�t
11,S�

− ��/2 � ��2/4 + t2�
02,S� , �25�

and the Hamiltonian is rewritten as

H =��2

4
+ t2�
 + ,S��+ ,S
 − 
− ,S��− ,S


+ ��

2
− j − �E� �

�=�,0

11,T���11,T�
 . �26�

When �	 
t
, 
+ �−� ,S�→ 
11�02� ,S�, whereas when � is
negative and 
�
	 
t
, 
+ �−� ,S�→ 
02�11� ,S�. The energy dif-
ference between the singlet ground state and the triplet states
is

J = �/2 − j − �E + ��2/4 + t2, �27�

and this energy will be called the “exchange energy” in the
following. In this expression, the “j+�E” term coming from
the bare exchange integral and the level shift due to the
transfer integral appears, and its magnitude will be estimated
from the comparison of J with experimental data. For van-
ishing external magnetic field, the exchange energy should
always be positive,21 namely, the ground state is always a
singlet state. However, in the presence of a magnetic field, a
singlet-triplet crossing takes place at some particular value of
the magnetic field, yielding a triplet ground state,20 i.e.,
J�0.

A. Hyperfine interaction

Now, we are going to discuss the effects of the HF inter-
action with nuclei. The HF interaction is mainly described by
the Fermi contact interaction,23

VHF = Av0�
i,�

Si · I���ri − R�� . �28�

Here, ri denotes the position of the ith electron and R� is the
position of the nucleus �. A is a material specific coupling
constant and, for instance, for GaAs A=90 �eV and v0 is the
unit cell volume. S and I are the spin angular momenta of the
electron and the nucleus, respectively. When two electrons
are in the same QD, they experience the same HF field,
which implies a vanishing HF field for singlet states �which
is not the case for triplet states�. On the other hand, when the
electrons are in different QDs, the mean HF field induces
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mixing within triplet states, and the difference of the HF
fields in two QDs induces coupling between the singlet and
triplet states. For two electrons in 
11,T0,�� and 
11,S�
states, the HF interaction is given as

VHF =
1

2
�hL + hR� · �S1 + S2� +

1

2
�hL − hR� · �S1 − S2� �29�

=
hz

2
�
11,T+��11,T+
 − 
11,T−��11,T−
�

+
1

2�2
�h−
11,T+��11,T0
 + h−
11,T0��11,T−
 + H.c.�

+
1

2�2
�− �h−
11,T+��11,S


+ �h+
11,T−��11,S
 + H.c.�

+
1

2
��hz
11,S��11,T0
 + H.c.� , �30�

with

h = hL + hR, �h = hL − hR, hL�R� = Av0�
�



L�R��R��
2I�,

�31�

where hL�R� is the HF field in the left �right� QD and has the
dimension of energy. Thus, the HF fields h and �h also have
the dimension of energy. In general, the nuclear Zeeman en-
ergy is very small; for example, for 69Ga with gN=2.02, it is
about 0.74 mK at B=1 T. Thus, for higher temperatures,
nuclear spins are randomly oriented, and the HF field fea-
tures a Gaussian distribution with the mean square value,

�hL�R�
2 � = A2v0

2�
�



L�R��R��
4I�I + 1� , �32�

where I is the magnitude of the nuclear spin and �¯� denotes
the ensemble average. In particular, for the uniform coupling,
we have

��hL�R�
2 � = A�I�I + 1�/�NL�R�, �33�

where NL�R� is the number of nuclear spins in the left �right�
dot.

When the electron Zeeman energy is much larger than the
HF fields, the coupling terms among the triplet states and
those between T� and the singlet state S can be neglected,
and the HF interaction reduces to

VHF = �hz�
11,S��11,T0
 + H.c.�/2, �34�

with �hz=hLz−hRz being the difference of the HF fields along
the applied field direction. All other spin states are unaffected
by the HF interaction.

A two electron system on a double QD is initialized in the

02,S� state under the condition that �	 
t
. If the bias volt-
age is changed adiabatically so that the singlet state remains
in the ground state 
−,S� without ever populating 
+ ,S� �Eq.
�25�, the double QD electronic Hamiltonian �Eq. �26� in-
cluding the HF interaction �Eq. �34� is cast into the form

H + VHF =
r�hz

2
�
− ,S��11,T0
 + H.c.�

+
J

2
�
11,T0��11,T0
 − 
− ,S��− ,S
� �35�

=JSz + r�hzSx, �36�

with

r = t/���/2 + ��2/4 + t2�2 + t2, �37�

where the factor r= �11,S 
−,S� determines the HF coupling
strength of the singlet ground state �Eq. �25� to the triplet
state. Now, we examine the limiting values of r. The param-
eter � can be controlled by the bias voltage through � in Eq.
�24�, and t can be varied through the spatial overlap of wave
functions. When � is positive and �	 
t
, two electrons are
almost localized in the right dot, forming a spin singlet pair
and r→0. On the other hand, when � is negative and 
t

� 
�
, two electrons are separated in different dots with neg-
ligible spatial overlap. Then, 
r
→1, and the HF interaction
is maximized. In Eq. �36�, the Hamiltonian is written in the
pseudospin representation, with 
11,T0� and 
−,S� forming
the bases.

B. Singlet-triplet mixing

Due to the HF interaction, electrons prepared in the sin-
glet state can be flipped to the triplet states. The spin state of
an electron pair evolves under the Hamiltonian �Eq. �36�.
The initial state of nuclear spins is assumed to be in an en-
semble, where nuclear spins are randomly oriented. Then,
the time evolution of the density matrix of the electron pair–
nuclei coupled system is given as

��t = 0� = �
n

pn�̂n
S��S
 → ��t� = �
n

pn�̂n
�n�t����n�t�
 ,


�n�t�� = �cos
nt

�
+ i

J

2n
sin

nt

�
�
S�

− i
rhn

2n
sin

nt

�

T0�, n = �r2hn

2 + J2/2,

�38�

where �̂n characterizes the nuclear spin state, which assumes

the HF field value: �ĥz�̂n=hn�̂n, the weight of which is pn,
namely, �npn=1 and Tr �̂n=1. In the following, � will be set
to unity ��=1� for simplicity. From Eq. �38�, the probability
to detect the triplet �singlet� state follows as

PT =
1

2
� r2h2

r2h2 + J2 �1 − cos �r2h2 + J2t�� , �39�

PS = 1 − PT�t� , �40�

where �¯� denotes the ensemble average over the HF fields.
When the nuclear spins are unpolarized and randomly ori-
ented, the spectral weight of the HF field pn in Eq. �38�
follows a Gaussian profile,5
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p�h =
1

�2��2
e−h2/2�2

. �41�

This is the continuum expression under the correspondence
of pn→p�h. �2= ��hz

2� is the mean square value of the HF
field operator �hz. Since the nuclear spins in the left and right
dots are statistically independent, we have

��hz
2� = ��hLz − hRz�2� = �hLz

2 � + �hRz
2 � . �42�

Thus, �2 is the sum of the mean square values of the HF
fields in the left and the right QDs.

For vanishing exchange coupling J=0 and r=1, Eq. �39�
features a Gaussian decay,

PT = 1/2�1 − exp�− �2t2/2� , �43�

whereas for finite J, in the limit of t	J /�2, it shows a power
law decay,6

PT =
1

2
� h2

h2 + J2� −
�2

�J�t3/2 cos�Jt + 3�/4 , �44�

which has been experimentally demonstrated.24 In the case
of a vanishing external magnetic field, all singlet and triplet
states are coupled via the HF interaction �Eq. �29�. We con-
sider the same situation; namely, an electron pair is initial-
ized in the singlet state, and after the HF interaction of du-
ration t the spin state of the electron pair is measured.
Probability for singlet detection is given as

PS = ��S
1/4 − S1�t� · S2�t�
S�� . �45�

The solution of Eq. �29� in the Heisenberg picture yields

S1�t� = ĥLĥL · S1 + �S1 − ĥLĥL · S1�cos hLt + ĥL � S1 sin hLt ,

�46�

with ĥL=hL / 
hL
, and its ensemble average over hL is calcu-
lated as

�S1�t�� = �1 + 2�1 − �L
2t2�exp�− �L

2t2/2�S1/3. �47�

Here, �L
2 = �hL

2� /3 and, similarly, the expression for S2�t�, i.e.,
�S2�t��, is obtained by the replacements hL→hR and �L

→�R. Using Eqs. �46� and �47�, the singlet detection prob-
ability �Eq. �45� can be readily evaluated,25

PS = 1/4 + �1 + 2�1 − �L
2t2�e−�L

2t2/2

��1 + 2�1 − �R
2 t2�e−�R

2 t2/2/12, �48�

which yields 1 /3 as t→�.
When J�0 and no magnetic field is applied, the Hamil-

tonian is as follows:

H = hL · S1 + hR · S2 + J�S1 · S2 + 1
4� . �49�

Within the semiclassical model, we have diagonalized Eq.
�49� to find the singlet detection probability,

PS�t� = �� �
i=1,. . .,4


�S
ej�
2e−iejt�2� , �50�

where 
ei�, i=1, . . . ,4 are the eigenvectors of Eq. �49� for
given hL and hR values. �¯� denotes ensemble averaging
over the HF fields featuring a Gaussian distribution �Eq.
�41� for hL�R� assuming �L=�R, i.e., �=��L

2 +�R
2 =�2�L�R�.

The time dependence of PS�t� in Eq. �50� and the asymptotic
value Ps�t→�� vs J /� are shown in Figs. 1�a� and 1�b�,
respectively. The singlet probability does not feature oscilla-
tions for finite J values, in contrast to the case of 
S�− 
T0�
mixing �Eq. �44�, which features oscillations at long time
scales. This is due to the destructive interference between
contributions from four eigenstates.

C. Comparison with experimental data

Now, we make a comparison of the above theoretical re-
sults with available experimental data to derive relevant
physical parameters. In the experiments by Petta et al.,17 the
exchange energy J has been obtained as a function of the
bias voltage Vb, and their experimental data are shown in
Fig. 2�a� by dots. We fitted the experimental data to expres-
sion �27� assuming a linear relation between the bias voltage
Vb and the detuning � /2=qVb+E0. The expression for the
exchange energy becomes

J = − J0 + qVb + E0 + ��qVb + E0�2 + t2, �51�

which is fitted to experimental values yielding J0=�E+ j
=0.07 �eV, q /e=5.86�10−3, E0=3.24 �eV, and t
=1.43 �eV. The fitting is performed in the range �
� �−9.4,1 �eV or, equivalently, Vb� �−2.15,−0.46 mV,
which is exhibited in Fig. 2�a� with the solid line. Due to an
applied magnetic field, B�100 mT, the exchange energy
�Eq. �51� can become negative for particular values of the
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y FIG. 1. �a� PS�t� �Eq. �50� as

a function of time for J /� values
of �i� 0, �ii� 0.5, and �iii� 1. �b�
PS�t→�� as a function of J /�.
These are calculated when no
magnetic field is applied.
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bias voltage. Here, the singlet-triplet crossing �J=0� occurs
at a bias voltage Vb=−5.53 mV.

In the experiments,17 the singlet-triplet mixing data were
obtained as a function of the HF interaction period at the bias
voltage Vb=−6 mV. For instance, the solid line in Fig. 2�b�
exhibits the experimental probability to detect the singlet
state as a function of the HF interaction period, where no
external magnetic field is applied �see Eq. �50�. In the fitting
procedure, we first determined the J /� ratio from the
asymptotic value PS�t	1 /��. In particular, the experimental
data shown by a solid line in Fig. 2�b� exhibit an asymptotic
value of PS�t	1 /���0.47, which corresponds to the value
J /�=0.8 in Fig. 1�b�. At the next step, by matching the width
of the main peak of the PS�t� profile for J /�=0.8 and the
experimental data, the value of ��0.09 �eV is determined,
and thus 
J
�0.07 �eV is fixed. On the other hand, we ob-
tain J�−0.038 �eV when we insert Vb=−6 mV in expres-
sion �51�. This discrepancy by a factor of about 2 may be
induced by the inaccuracy of Eq. �51� because Vb=−6 mV is
out of the range of fitting, i.e., �−2.15,−0.46 mV. However,
the agreement in the order of magnitude is rather satisfactory.

III. BUNCHING OF ELECTRON-SPIN MEASUREMENTS

Now that we have formulated the basic features of the
electron-nuclei coupled system, we can examine the details
of its quantum dynamics. First of all, we reveal an interesting
phenomenon of bunching of electron-spin measurements,
which is caused by the correlation among successive mea-
surements and is induced by the long-lived quantum coher-
ence of nuclear spins. We also discuss the effect of relaxation
of nuclear spins on this phenomenon of bunching.

A. Successive measurements of electron spins

Now, we show that by electron-spin measurements in a
double QD governed by the Hamiltonian in Eq. �36�, the
coherent behavior of nuclear spins can be demonstrated. Cor-
responding to the experiments,17 we assume that an electron
pair is initialized in the singlet state and the nuclear spin
states are initially in a mixture of �hz eigenstates �Eq. �38�.
In the unbiased regime, i.e., r=1, the nuclear spins and the
electron spins interact for a time span of �. Then, the gate
voltage is swept adiabatically, switching off the HF interac-

tion, namely, r→0, in a time scale much shorter than the
duration time of the HF interaction �. Next, a charge state
measurement is performed, which detects the singlet or trip-
let state. The probability to detect the singlet or triplet state is
calculated as

PS = �
n

pn
�n
2, PT = �
n

pn
�n
2, �52�

with

�n = cos n� + iJ/2n sin n�, �n = − ihn/2n sin n� ,

�53�

where the notations in Eq. �38� are used. Subsequently, one
can again initialize the system in the singlet state of the elec-
tron pair and turn on the hyperfine interaction for a time span
of � and perform the second measurement. In general, over N
times measurements, the nuclear state conditioned on
k��N� times singlet and N−k times triplet detection is

�N,k = �N

k
��

n

pn
�n
2k
�n
2�N−k��̂n, �54�

the trace of which yields the probability to have k times
singlet outcomes,

PN,k = Tr �N,k = �N

k
��
�
2k
�
2�N−k�� , �55�

where �¯� is the ensemble average over the HF field hn.5

Hereafter, this case will be referred to as the coherent regime.
One can easily contrast this result with that for the incoher-
ent regime in which nuclear spins lose their coherence be-
tween the successive spin measurements and relax to the
equilibrium distribution. The latter is given by

PN,k� = �N

k
��
�
2�k�
�
2��N−k�. �56�

When the nuclear spins are incoherent, the probability distri-
bution �Eq. �56� obeys simply a Gaussian distribution with a
mean value of k=N�
�
2� and the variance of N�
�
2��
�
2�, as
N→�. However, when nuclear spins preserve their coher-
ence, the probability distribution �Eq. �55� may exhibit dif-
ferent statistics depending on the initial nuclear state. The
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FIG. 2. �a� Experimental values �dots� and theoretical fitting �solid line� for the exchange energy J as a function of the bias voltage Vb,
which is a linear function of the detuning �. �b� The singlet detection probability PS as a function of the duration time of the HF interaction
without an external magnetic field; experiments in Ref. 17 �solid line� and theoretical results �dashed line�.
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two probability distributions �Eqs. �55� and �56� yield the

same mean value, i.e., k̄=N�
�
2�, but with distinct higher
order moments. If the weight factor pn of the HF field in the
equilibrium distribution has a width �, then for the duration
time of the HF interaction ��1 /�, the distributions �Eqs.
�55� and �56� start to deviate from each other. They yield the
same distribution only when the initial nuclear state is in a
well defined eigenstate of �hz, i.e., when �=0.

If the nuclear spins are coherent over the span of the
experiment, then successive electron-spin measurements are
biased to all singlet �triplet� outcomes. In particular, when
the initial nuclear spins are unpolarized and randomly ori-
ented, the distribution of the hyperfine field is characterized
by a Gaussian distribution �Eq. �41� with the variance �2. As
in the simplest case, let us check the results of two measure-
ments, each following the HF interaction of duration t. Prob-
abilities in the coherent and incoherent regimes for two sin-
glet detections are respectively calculated as

P2,2 = �
�
4� = �6 + 2e−2�2t2 + 8e−�2t2/2�/16,

P2,2� = �
�
2�2 = �4 + 8e−�2t2/2 + 4e−�2t2�/16, �57�

where results are given particularly for J=0, and it turns out
that P22� P22� .

In Fig. 3, for N=20 measurements, PN,k is shown for three
values of the duration time of the HF interaction: ��
=0.5,1.5,�. For �=0, the probability for both Eqs. �55� and
�56� is peaked at k=20. However, immediately after the HF
interaction is introduced, the probability distributions show
distinct behaviors. The measurement results in the incoherent
regime approach a Gaussian distribution. On the other hand,
in the coherent case, the probabilities bunch at k=0 and 20
for J=0, and when J /�=0.5 they bunch at k=20 only. As J
is increased above some critical value, no bunching takes
place at k=0 times a singlet measurement since the singlet
state becomes energetically stable and the state change to the
triplet state becomes unfavorable.

To observe the bunching, N successive spin measurements
are performed within the coherence time of the nuclear spins.
Then, after waiting for some time so that nuclear spins are
again randomized, another set of N successive measurements
is carried out, and so on. Thus, an ensemble average of N
measurements is performed, which results in a bunching of

either spin singlet or triplet outcomes. This bunching is a
clear signature of a coherent behavior of nuclear spins, which
can easily be contrasted with the incoherent regime, which
merely exhibits a Gaussian distribution.

B. Effects of nuclear spin diffusion

Now, we will discuss the effect of nuclear spin diffusion
on the bunching of electron-spin measurements, which leads
to a transition from the coherent regime to the incoherent
regime. During the interval between the successive measure-
ments, the nuclear spin state relaxes to the equilibrium dis-
tribution due to the dipole-dipole interactions.23

If the substrate surrounding a QD is of the same kind of
material as that of the QD, nuclear states will diffuse due to
the interaction with the surrounding nuclei, which leads to a
change both in the total spin angular momentum of the nu-
clei and the HF field. The inhomogeneous distribution of HF
coupling constants will also induce a redistribution of the
spin angular momentum, leading to a change in the HF field.
Since a detailed discussion on the nuclear spin diffusion is
beyond the scope of this paper, we simply develop a phe-
nomenological argument based on the diffusion equation in
the phase space of the HF field,

�p�h,t
�t

= �
�2

�h2 �p�h,t − p0�h� , �58�

where p0�h is the distribution corresponding to the steady
state configuration of nuclear spins. At high temperatures
compared with the nuclear Zeeman splitting, p0�h obeys a
Gaussian distribution �Eq. �41�. The general solution of the
diffusion equation �Eq. �58� can be cast into the form

p�h,t =
1

�2��2
e−h2/2�2

−
1

�2���2 + 2�t�
e−h2/2�2�t+�2�

+
1

�4��t
� dh�e−�h − h��2/4�tp�h�,t = 0 , �59�

where p�h , t=0 is the initial distribution of the HF field.
The randomization of nuclear spins will lead to loss of

memory effects described in the last section. The nuclear
state conditioned on the electron-spin measurements �Eq.
�54� will decohere throughout the successive measurements.
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FIG. 3. Probability distribution
PNk at N=20 measurements for k
=0,1 , . . . ,20 times singlet detec-
tions for coherent regime �solid
lines� and incoherent regime
�dashed lines�. Two cases of the
exchange energy are considered;
�a� J=0 and �b� J /�=0.5 for HF
interaction periods of ��= �i� 0.5,
�ii� 1.5, and �iii� �.
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The nuclear diffusion time is much longer than the charac-
teristic time of the spin singlet-triplet mixing induced by the
HF interaction �Eq. �36�, namely, tdif f 	��1 /�hz. Decoher-
ence of nuclear spins will mainly take place during the
electron-spin measurement because this process of spin-
charge conversion is time consuming.17

For instance, when an electron pair is initialized in the
spin singlet state starting with a randomized nuclear spin
configuration �Eq. �41�, then subjected to the hyperfine in-
teraction �Eq. �36� for J=0, of duration �, and is followed
by the electron-spin measurement, the spectrum of the HF
field becomes

p�h = Ne−h2/2�2
�1 � cos h�� , �60�

corresponding to either singlet ��� or triplet ��� outcome,
where N is a normalization constant. Governed by the diffu-
sion equation �Eq. �58�, the distribution �Eq. �60� after a
time span of T evolves to

p�h,T =
1

�2��2
e−h2/2�2

+
e−h2/2�2�T+�2�

�2��2�T + �2�

��1 � e−�2�2�T/�2�T+�2� cos
h�

1 + 2�T/�2

1 � e−�2�2/2
− 1� .

�61�

This distribution converges to a Gaussian for T	�2 /�. It is
also to be noted that the duration of the HF interaction � also
affects the effective diffusion time. This means that the pe-
riod of modulation �1 /� induced in the nuclear field spec-
trum affects the speed of diffusion. In fact, Eq. �61� ap-
proaches the Gaussian form p0�h when �2	1 /�T ,1 /�2;
namely, when the period of undulation in the nuclear field
spectrum is short enough to be smoothed out easily, the dis-
tribution converges to p0�h.

After a time span of T following the first measurement,
the system is again initialized, HF interaction is switched on
for a time span ��, then a second spin measurement is per-
formed. Here, typically, T	� ,��. The measurement results
approach that of semiclassical picture when T	�2 /� or �2

	1 /�T ,1 /�2. Otherwise, one can still trace the nuclear

memory effects in the measurement results. In Fig. 4, some
examples are shown for two successive measurements with
parameter values of �T /�2=0 ,0.05,0.1,0.5,�, as a function
of the HF interaction time �=��. In the asymptotic limit of
�T /�2=�, we can check that the probability in Figs. 4�a�
and 4�b� approaches P2,0� and P2,1� , respectively.

IV. PURIFICATION OF NUCLEAR SPIN STATE AND
ELECTRON-SPIN REVIVALS

In this section, we investigate the conditional preparation
and purification of nuclear spin state via successive electron-
spin measurements. This feature becomes manifest via re-
vival phenomena of the electron-spin state. Here, the HF
interaction is assumed to take place in the unbiased regime
of the double QD, i.e., when J=0 and r=1 in Eq. �38�. Then,
the nuclear state prepared by N successive electron-spin
measurements with k times singlet outcomes, each following
the HF interaction of duration times �1 ,�2 , . . . ,�N, is given
by

�N,k = N � pn�̂n�
i=1

k

cos2 hn�i

2 �
j=k+1

N

sin2 hn� j

2
, �62�

where N is a normalization constant. The sequence of mea-
surements is depicted in Fig. 5. In the following, we consider
the case where all measurement outcomes are singlets and
examine two typical cases: �1=�2= ¯ =�N and �1=2�2= ¯

=2N−1�N.

0 5 10στ

0.2

0.4
i

ii

iv

vi

v

iii

0

1
P

ro
ba

bi
lit

y

στ

a)

ττ T

MM

HF

0 5 10στ

0.2

0.4

i

ii

vi
iiiiv

v

P
ro

ba
bi

lit
y

στ

b)

FIG. 4. Results of two successive spin measurements: Probability of �a� two triplet and �b� one singlet–one triplet measurements at
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FIG. 5. Measurement scheme to observe the electron-spin re-
vival: Each time the electron spin is initialized in the spin singlet
state �denoted by S�, then the HF interaction is switched on for a
period �i followed by the electron-spin measurement with an out-
come Mi, for i=1, . . . ,N. These are the preparation stage. Then,
after the HF interaction for a period t, the �N+1�-th measurement is
carried out.
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A. First case: �1=�2= ¯ =�N=�

In this case, all the duration times of the HF interaction
are equal, and the prepared nuclear state following N times
singlet measurements is given by

�̂ = N�
n

pn�̂n cos2N hn�

2
, �63�

where N is a normalization constant. Given the initial state
�̂�t=0�= �̂
S��S
, the probability to measure the singlet
electron-spin state after the HF interaction of duration time t
is calculated as

P�t;��i = ��i=1,. . .,N�

=
�cos2N�h�/2cos2�ht/2�

�cos2N�h�/2�

=
1

2
+

1

4

�
s=0

2N

�
�=�

�2N

s
��exp�i�s − N�h� + i�ht�

�
s=0

2N�2N

s
��exp�i�s − N�h��

, �64�

where �¯� denotes ensemble averaging with respect to the
initially random nuclear spin state �Eq. �41�. Using the iden-
tity,

�eiht� =
1

�2��2 � dhe−h2/2�2
eiht = e−�2t2/2, �65�

Eq. �64� can be cast into the form

P�t;��i = ��i=1,. . .,N� =
1

2
+

1

2

�
s=0

2N�2N

s
�e−�2�t − �N − s���2/2

�
s=0

2N�2N

s
�e−�s − N�2�2�2/2

.

�66�

For t�1 /�, this gives a Gaussian decay �see Fig. 6�a�,
whereas for t�1 /�, it exhibits revivals �see Fig. 6�c�. For
��	1, expression �66� reduces to

P�t;��i = ��i=1,. . .,N� =
1

2
+

1

2

�
s=0

2N�2N

s
�e−�2�t − �N − s���2/2

�2N

N
� ,

�67�

featuring revivals at t=n��n=1,2 , . . . � with a decreasing am-
plitude,

1/2 + � 2N

N − n
�/2�2N

N
� , �68�

which becomes 1 /2+e−n2/N /2 for N	1. In the method pro-
posed here, the nuclear spin state can be conditionally puri-
fied without determining the precise value of the HF field.
Although the HF field may still be assuming indefinite val-
ues, electron-nuclei correlations lead to revivals at known
times. As an example, consider the case when the nuclear
spin state is prepared by five HF interaction stages, each of
which has a duration time �=10 /� and is followed by a
singlet detection of the electron-spin state. This conditionally
prepared nuclear spin state revives the spin singlet electron
state at times �t=10,20, . . . ,50 with fidelities 1 /2
+ � 2N

N−s
� /2� 2N

N
�, for N=5 and s=1,2 , . . . ,5, which are

11 /12,31 /42, . . . ,253 /504. The success probability to pre-
pare such a state is �1 /25.

In order to understand the physics of the revival more
clearly, we consider the limit N	1. Since 
cos � 
 �1,
cos2N � is sharply peaked at �=s��s�Z� and can be ap-
proximated as

cos2N � = �
s�Z

�1 −
1

2
�� − s��2 + ¯ �2N

= �
s�Z

�1 − N�� − s��2 + ¯ 

� �
s�Z

exp�− N�� − s��2 . �69�

Then, the spectrum of the nuclear HF field corresponding to
the conditionally prepared state �Eq. �63� can be approxi-
mated in the limit N	1 as

p�h = Ne−h2/2�2
cos2N h�

2
� Ne−h2/2�2�

s�Z
e−�h − hs�

2/2�m
2

,

�70�

with

�m
−1 = ��N/2, �71�

implying the squeezing of the HF spectrum at particular
known values hs=2s� /�. Given the initial nuclear spin state
with the spectrum �Eq. �70�, the probability to recover an
initial singlet electron-spin state after the HF interaction of
duration time t is given by
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a) b) c) FIG. 6. Conditional probability for singlet
state detection as a function of HF interaction pe-
riod �t, subject to N=0,1 ,2 ,5 ,10 times prior
singlet state measurements and for HF interaction
duration times of �a� ��=1.0, �b� ��=3.0, and �c�
��=6.0.
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P�t� = �cos2 ht/2� =
1

2
+

N
2 �

s�Z
e−�m

2 t2/2e−hs
2/2�2

cos hst ,

�72�

where it is assumed that �	�m=1 / ���N /2� and the normal-
ization constant N is set to satisfy P�t=0�=1. In Eq. �72�,
each hs gives rise to revivals at times ts=� /2s and its integer
multiples. At the common multiples of all ts values which are
n� ,n=1,2 ,3. . ., the probabilities add up coherently, leading
to revivals �see Eq. �66�, and each revival has the amplitude
1 /2+e−n2/N /2.

The revival phenomenon also applies to some arbitrary
initial electron-spin state subject to the HF interaction with
the conditionally prepared nuclear spin state �Eq. �63�.
When the initial state of the system is assumed as

��t = 0� = �̂
����
, 
�� = cos
�

2

S� + sin

�

2
e−i

T� ,

�73�

the fidelity F= ��
��t�
�� to recover the initial electron-spin
state 
�� at time t is calculated as

F = sin2 � cos2 
 + �1 − sin2 � cos2 
�P�t� , �74�

with P�t� given by Eq. �64�.

B. Second case: �1=2�2= ¯ =2N−1�N=�

Here, the duration times of the HF interaction are de-
creased by one-half successively, namely, �=�1=2�2=22�3
= ¯ =2N−1�N. In this case, the prepared state �Eq. �62� is
given as

�̂ = N�
n

pn�̂n�
s=1

N

cos2 hn�

2s , �75�

and the probability to recover the initial singlet electron-spin
state after the HF interaction of duration time t is calculated
as

P�t;��i = 2−i+1��i=1,. . .,N�

=
1

2
+

1

2

�
si=0

2 � 2

s1
�� 2

s2
�¯ � 2

sN
�e−�2�t − �i=1

N �si − 1��/2i−12/2

�
si=0

2 � 2

s1
�� 2

s2
�¯ � 2

sN
�e−�2��i=1

N �si − 1��/2i−12/2
.

�76�

The singlet state is revived at t=2��0. l1l2 . . . lN, where li
=0,1. This amounts to 2N revivals at times t
=� /2N−1 ,2� /2N−1 ,3� /2N−1 , . . . ,2��1−1 /2N� ,2�.

Now, we briefly discuss the HF spectrum of the state �Eq.
�75� and its relation to revivals in Eq. �76�. The HF spec-
trum of Eq. �75� can be cast into the form

p�h = Ne−h2/2�2 1

4N

sin2 h�

sin2 h�

2N

. �77�

In the same way as in Eq. �70�, in the limit of N	1, we can
show that

p�h = Ne−h2/2�2�
s�Z

e−�h − hs�
2/2�m

2
, �78�

with

hs = s2N�/� and �m =�3

2

1

�
. �79�

This implies squeezing of the spectrum at hs=s2N� /�, s
�Z. Given the initial nuclear spin state with the spectrum
�Eq. �78�, the probability to recover the initial singlet
electron-spin state at time t is given by the same expression
as in Eq. �72�. Each hs leads to revivals at times � / �s2N� and
their integer multiples, which add up coherently at
n� /2N−1 �n=1,2 , . . . �, giving rise to revivals �see Eq. �76�.
Thus, we can understand that the revival phenomena occur,
reflecting the undulation in the nuclear field spectrum in-
duced by the electron-spin measurements.

As a concrete example, we make a comparison of the two
schemes for N=2, k=2 and examine the electron-spin reviv-
als for this conditionally prepared state. For �1=2�2=�
	1 /�, the conditional probability �Eq. �76� is given as

P�t;��1 = �,�2 =
�

2
	� �

1

2
+

1

8
�e−�2�t − 3�/2�2/2 + 2e−�2�t − ��2/2

+ 3e−�2�t − �/2�2/2 + 4e−�2t2/2� , �80�

whereas for �1=�2=�	1 /�, Eq. �66� is calculated as

P�t;��1 = �,�2 = ��� �
1

2
+

1

12
�e−�2�t − 2��2/2 + 4e−�2�t − ��2/2

+ 6e−�2t2/2� . �81�

We have more revivals with higher probabilities for the
former case in which the undulation in the nuclear field spec-
trum is more structured.
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In the above, we found that the nuclear field spectrum is
squeezed or undulated through the electron-spin measure-
ments. In order to examine the degree of squeezing quanti-
tatively, we estimate the purity of the nuclear spin system.

The purity of the system is given by PN,k=Tr �N,k
2 . Using the

identity Tr �̂n
2=1 /Dpn, where D is the total dimension of the

Hilbert space of nuclear spins, we obtain the purity of the
state �Eq. �62� as

PN,k =
1

D

� dhp�h �
i=1

k

cos4 h�i

2
�

j=k+1

N

sin4 h� j

2

�� dhp�h �
i=1

k

sin2 h�i

2
�

j=k+1

N

sin2 h� j

2
�2 �82�

=
1

D

�
si=0

4 � 4

s1
�� 4

s2
�¯ � 4

sN
�e−1/2��s1 − 2��̃1 + �s2 − 2��̃2 + ¯ + �sN − 2��̃N2

�− 1�sk+1+¯+sN

� �
si=0

2 � 2

s1
�� 2

s2
�¯ � 2

sN
�e−1/2��s1 − 1��̃1 + �s2 − 1��̃2 + ¯ + �sN − 1��̃N2

�− 1�sk+1+¯+sN�2 , �83�

where �̃=�� and sums were evaluated in the continuum limit �npn→�dhp�h in Eq. �82�. We can extremize the purity �Eq.
�83� by choosing appropriate duration times of the HF interaction. In the asymtotic limit �̃i	1, we have

PN,k =
1

D

�
si=0

4 � 4

s1
�¯ � 4

sN
��− 1�sk+1+¯+sN���s1 − 2��̃1 + ¯ + �sN − 2��̃N

� �
si=0

2 � 2

s1
�¯ � 2

sN
��− 1�sk+1+¯+sN���s1 − 1��̃1 + ¯ + �sN − 1��̃N�2 . �84�

From Eq. �84�, we see that there are several asymptotic val-
ues determined by the roots of the linear equations ��si

−2��i=0 and ��si−1��i=0.
For instance, in the case of N=2 and k=2, we see that the

numerator in Eq. �84� has a contribution from the choice of
s1=s2=2, whereas the denominator has a contribution from
the choice of s1=s2=1, irrespective of the relative magnitude
of �1 and �2. Additionally, in the case of �1=2�2 or �2=2�1,
the numerator has finite contributions arising from some
combinations of s1 and s2. On the other hand, the denomina-
tor does not have such contributions because the equation
�i�si−1��i=0 cannot be satisfied except for s1=s2=1. In the
case of �1=�2, both the numerator and the denominator have
finite contributions from appropriate choices of s1 and s2
other than the trivial ones given by s1=s2=2 or s1=s2=1.

Summarizing, there are three asymptotic limits �see Fig.
7�a�; namely, when �i� �1=2�2, then P2,2=11 /4D; �ii� when
�1=�2, then P2,2=35 /18D; and �c� otherwise, P2,2=9 /4D. In
general, the purity attains its maximum for all singlet out-
comes, i.e., for k=N and under the condition that the dura-
tion times of the HF interaction are halved at each step, viz.,
�i /�i+1=2.

In Fig. 8, the purity PN,N is shown as a function of the
number of measurements N, in the asymptotic limit of �i

	1 /�, i=1, . . . ,N. The curve �i� corresponds to the maxi-
mum purity and the curve �iv� to the minimum, whereas all
other choices of interaction periods �1 :�2 : ¯ :�N yield inter-
mediate values �see Appendix C�.
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V. REALIZATION ON A SINGLE QUANTUM DOT

A. Single electron on a single quantum dot

So far, we have discussed the bunching and revival phe-
nomena only for a double QD system. The same predictions
can be made also for a single QD occupied by a single
electron.26–28 Consider a single QD occupied by a single
electron under an external magnetic field such that the elec-
tron Zeeman energy is much greater than the HF energies.
Then, the system is described by the Hamiltonian

H � ge�BBSz + hzSz = �Be + hz�Sz, �85�

where ge is the electron g factor, �B is the Bohr magneton, B
is the external magnetic field applied in the z direction, Be
represents the electron Zeeman energy, and hz is the nuclear
HF field in the z direction. Spin flips are suppressed since
Be=ge�BB	��h2�. The spin eigenstates in the x direction

� �= �
↑ �� 
↓ �� /�2 are coupled by the HF interaction, with

↑�↓�� being the eigenstates of Sz. The time evolution of the
state 
�� is simply given by ��=1�

e−iHt
 + � = cos
Be + hz

2
t
 + � − i sin

Be + hz

2
t
− � . �86�

Now, let us consider the following experiment. Each time,
the electron is prepared in the state 
��. Next, it is loaded
into the QD, then removed from the QD after some dwelling
time �, and the spin measurement is performed in the basis of

��. Essentially, the same predictions as those for a double
QD can be made for this system, namely, the electron-spin
bunching and revival. We consider the electron-spin revival
as an example. After N times the HF interaction of duration
time �, each followed by the measurement outcome of the

�� state, the nuclear spin state becomes

�̂ = �
n

pn�̂n cos2N �Be + hn��
2

, �87�

where the initial distribution pn characterizes the random dis-
tribution of the HF field �Eq. �41�. Then, the electron-spin

state is prepared in 
��, yielding the initial state ��t=0�
= �̂
+ ��+
, which evolves under the Hamiltonian �Eq. �85�.
The probability for obtaining 
�� after the HF interaction of
duration t is given as

P�t;��i = ��i=1,. . .,N� =
�cos2N �Be + h��

2
cos2 �Be + h�t

2
�

�cos2N �Be + h��
2

�
=

1

2
+

1

4

�
�=�

�
s=0

2N�2N

s
��ei�Be+h���s−N��+�t�

�
s=0

2N��2N

s
�ei�s−N��Be+h��� ,

�88�

where �¯� denotes ensemble averaging with respect to Eq.
�41�. Using the identity �Eq. �65�, Eq. �88� for �	1 /� can
be put in the form

P�t;��i = ��i=1,. . .,N� � 1/2

+
1

2�2N

N
��

s=0

2N �2N

s
�e−�2�t − �N − s��2/2

�cos Be�t − �N − s�� . �89�

Thus, in a single QD, revivals are present as in the double
QD case �see Eqs. �66� and �67�.

B. Pair of electrons on a single quantum dot

The Hamiltonian �Eq. �36� can also be used to describe a
pair of electrons in a single QD,29,30 and the same predictions
as those for a double QD can be made. In the two electron
regime, the energy splitting between the singlet ground state
and the triplet excited state can be tuned down to zero by the
application of a magnetic field4,30,31 leading to a singlet-
triplet crossing. Under a high magnetic field, the triplet state
�T0� having a zero magnetic quantum number is coupled to
the singlet state �S� via the HF field,

h = Av0�
i


g�Ri�
e
*�Ri�Iz

�i�/�2, �90�

where 
g�e� is the ground �excited� state orbital in the QD,
and the derivation is given in Appendix A. Typically, for a
two-dimensional QD with harmonic confinement, the HF
field �Eq. �90� has a mean square value,

�h†h� = A2I�I + 1�v0/16�dr0
2, �91�

where r0=�� /m is the Fock-Darwin radius, d is the thick-
ness of the QD, =��0

2+�c
2 /4, with �0��c� being the fre-

quency of the harmonic confinement potential �the cyclotron
frequency�, and I is the magnitude of the nuclear spin. In the
energy spectrum of a single QD, the singlet-triplet crossing
was observed via the tuning of magnetic field.31

For an isotropic GaAs QD with a harmonic confinement
energy �=1 meV, a singlet-triplet crossing will take place at
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FIG. 8. Purity PN,N �in units of 1 /D� is shown in the natural
logarithmic scale for the schemes �i� �1=2�2= ¯ =2N−1�N, �ii� �1

=2�2=3�3= ¯ =N�N, �iii� �i :� j is irrational for any pair of �i , j�,
and �iv� �1=�2= ¯ =�N as a function of the number of electron-spin
measurements �N=1,2 , . . . ,8�.
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B�1.1 T, and the second excited state, which is a singlet, is
separated by �0.2 meV. For such a QD, with thickness d
=1 nm, the rms value for the HF field �Eq. �91� will be
��h†h��0.04 �eV, which implies that the system can be
treated as a two-level system coupled by the HF field �see
Appendix B for the spectrum of a single QD occupied by
two electrons�. The relevant Hamiltonian describing the dy-
namics within the subspace formed by 
S� and 
T0� is essen-
tially the same as that for an electron pair in a double QD.
Furthermore, the electrons’ spin state can be initialized and
measured with high fidelity by a spin-selective coupling to
leads, relying on the spin-dependent tunnel rates.30 Thus, the
observation of the same phenomena as the bunching in the
electron-spin measurements and the revival of the initial
electron state is feasible also in a single QD occupied by a
pair of electrons.

VI. CONCLUSION

We have investigated the quantum dynamics of the
electron-nuclei coupled spin system in QDs and predicted
some interesting new phenomena. The quantum correlation
induced in the system via consecutive HF interactions leads
to the bunching of outcomes in the electron-spin measure-
ments and the revival of an arbitrary initial electron-spin
state. Simultaneously, the nuclear spin system is affected by
the quantum correlation and is, in fact, squeezed as con-
firmed by the increase in the purity. It is suggested that the
consecutive electron-spin measurements provide a probabi-
listic method to squeeze or prepare the nuclear spin system.
We also discussed the effect of nuclear spin relaxation on the
bunching and revival phenomena based on a phenomenologi-
cal model and exemplified a change from the coherent re-
gime to the incoherent regime. All the results obtained are
applicable not only to double QDs occupied by a pair of
electrons but also to a single QD occupied by a single elec-
tron or a pair of electrons whenever the HF interaction is
present and the nuclear spin state is coherent throughout the
experiments.
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APPENDIX A: HYPERFINE INTERACTION FOR AN
ELECTRON PAIR IN A SINGLE QUANTUM DOT

Here, we derive the Hamiltonian for an electron pair in a
single QD. Under a sufficiently strong magnetic field, the
triplet states T� are well separated from the T0 state and the
singlet state S. Thus, the Hamiltonian within the subspace
spanned by T0 and S states will be considered. The wave
functions for the S and T0 states are given, respectively, as

�S�r1,�1,r2,�2� = 
g�r1�
g�r2�
1
�2

����1����2� − ���1����2� ,

�A1�

�T0
�r1,�1,r2,�2� =

1

2
�
g�r1�
e�r2� − 
e�r1�
g�r2�

�����1����2� + ���1����2� , �A2�

where 
g �
e� is the ground �excited� state orbital in the QD
and � ��� denotes the spin up �down� state. The HF interac-
tion for two electrons is given by

VHF = Av0�
i

S1 · Ii��r1 − Ri� + Av0�
i

S2 · Ii��r2 − Ri� ,

�A3�

where Ri �Ii� denotes the position �spin vector� of a nucleus,
and S1 and S2 are the electron-spin vectors. Then, we find

��T0

VHF
�S� = −

1
�2

Av0�
i


e
*�ri�
g�ri�Iiz,

��S
VHF
�T0
� = ��T0


VHF
�S�*, �A4�

��S
VHF
�S� = ��T0

VHF
�T0

� = 0. �A5�

Thus, the singlet-triplet mixing is induced by the HF inter-
action. The effective nuclear field operator coupling the sin-
glet and triplet states in Eq. �A5� will be introduced by

h = ��T0

VHF
�S� �A6�

=−
1
�2

Av0�
i


e
*�Ri�
g�Ri�Iiz, �A7�

which has the dimension of energy, and its mean square
value is estimated as

�hh†� =
�Av0�2

2 �
i



e
*�Ri�
g�Ri�
2�Iiz

2 � �A8�

=
A2v0

2

I�I + 1�
3

� d3r

e
*�r�
g�r�
2, �A9�

where I is the magnitude of the nuclear spin. Employing the
envelope functions for the ground and excited states given by


g�r,�,z� =
1

��r0

e−r2/2r0
2�2

d
cos��z

d
� , �A10�


e�r,�,z� =
1

��r0
2
e−r2/2r0

2
re−i��2

d
cos��z

d
� , �A11�

with

r0 =� �

m
,  =��0

2 + � eB

2mc
�2

, �A12�

where d is the thickness of the QD, we have
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�hh†� =
A2v0

16�r0
2d

I�I + 1� . �A13�

APPENDIX B: ENERGY SPECTRUM OF TWO
ELECTRONS IN A QUANTUM DOT WITH ISOTROPIC

HARMONIC CONFINEMENT

Here, we calculate the energy spectrum of two electrons
in a QD, assuming an isotropic harmonic confinement of
frequency �0 in the xy plane and a strong confinement along
the growth �z� direction. Introducing the center of mass and
the relative coordinates, the total Hamiltonian can be divided
as

H = HCM + Hrel + HZ, �B1�

HCM =
P2

2M
+

1

2
M2R2 +

�cLz
�CM�

2
, �B2�

Hrel =
p2

2�
+

1

2
�2r2 +

�cLz
�rel�

2
+

e2

�r
, �B3�

HZ = g�BB�Sz
�1� + Sz

�2�� , �B4�

with

R = �r1 + r2�/2, P = p1 + p2,

r = r1 − r2, p = �p1 − p2�/2, �B5�

Lz
�CM� = �R � P�z, Lz

�rel� = �r � p�z,  = ��0
2 + �c

2/4,

�B6�

where r1�2� denotes the coordinates of the first �second� elec-
tron in the xy plane, M =2m*, �=m* /2, with m* being the
electron effective mass, �c=eB /m*c is the cyclotron fre-
quency, and �B is the Bohr magneton. Employing m*

=0.067me, �=12.53, and g=−0.44 �Ref. 32� appropriate for
GaAs, we diagonalized numerically the Hamiltonian Hrel for
the relative coordinate part. In the numerical diagonalization,
20 Fock-Darwin basis functions are employed to guarantee
sufficient accuracy. The energy spectrum for a GaAs-like QD

with �0=1 meV is depicted in Fig. 9�a� as a function of the
magnetic field B for the orbital part HCM+Hrel. In Fig. 9�b�,
the energy spectrum is plotted in the vicinity of the lowest
energy singlet-triplet crossing point including the spin de-
grees of freedom. The singlet ground state and the triplet first
excited states feature a crossing at B�1 T separated from
the next excited state by �0.2 meV, which is a singlet. For a
magnetic field B�0.9 T, the electrons can be loaded into the
singlet ground state, and then by sweeping the magnetic field
to the S−T0 crossing point, the system can be initialized.
Here, the S−T+ crossing point should be passed at a rate
much faster than the HF interaction time, which was esti-
mated as �103 ns from ��hh†��0.04 �eV in Sec. V B. At
the S−T0 crossing point, the T+ and T− states are separated
by a Zeeman energy �25 �eV, which is much greater than
the HF interaction energy. Thus, at the S−T0 crossing point,
the system can be described by a two-level Hamiltonian
composed of 
S� and 
T0� states. As demonstrated in the ex-
periments by Meunier et al.,4 the phonon-mediated spin re-
laxation time exceeds well beyond the millisecond order,
which leaves the HF interaction as the only relevant mecha-
nism at time scales shorter than milliseconds.

APPENDIX C: PURITY OF THE NUCLEAR SPIN STATE
AS A FUNCTION OF THE NUMBER OF

ELECTRON-SPIN MEASUREMENTS

When all �i :� j , �i� j� ratios are irrational, in Eq. �84�,
only s1=s2= ¯ =sN=2 in the numerator and only s1=s2
= ¯ =sN=1 in the denominator contribute, yielding PN,N
= �3 /2�N /D �Fig. 8, iii�.

In the case of �1=�2= ¯ =�N=�, the purity is given by
PN,N= � 4N

2N
� / � 2N

N
�2 /D �Fig. 8, iv�. This can be verified by in-

serting ∀�i=� in PN,N �Eq. �82� then taking the limit �
→�,

PN,N =
1

D
lim
�→�

�cos4N h�

2
�

�cos2N h�

2
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FIG. 9. �a� Energy spectrum of
two electrons in a GaAs-like QD
with a harmonic confinement en-
ergy �0=1 meV. Solid �dashed�
lines indicate the triplet �singlet�
states. �b� Energy spectrum in the
vicinity of the singlet-triplet cross-
ing. Triplet states T� are split by
the Zeeman energy �g�B

� �25.5 �eV /T from the T0

state, as shown by solid lines.
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=
1

D

�
s=0

4N�4N

s
��eih�s−2N���

� �
s=0

2N�2N

s
��eih�s−N����2

=
1

D

�4N

2N
�

��2N

N
��2

, �C2�

where in the last line lim�→��exp�ihn���
=lim�→�exp�−n2�2�2 /2�=�n,0 from Eq. �65� is employed.

For the case �1=2�2=22�3= ¯ =2N−1�N=�, the
asymptotic value of the purity in the limit of ��→� can be
evaluated more systematically from the expression in Eq.
�76� rather than Eq. �82�. The density matrix after the N
times measurements is given by

�N,N =
N
4N�

n

pn�̂n
sin2 hn�

sin2�hn�/2N�
, �C3�

where the normalization constant N is determined by

1 = Tr �N,N =
N
4N�

n

pn
sin2 hn�

sin2�hn�/2N�
. �C4�

The last factor takes a large value about 4N near hn�hs
=2Ns� /��s�Z� and can be approximated as

sin2 hn�

sin2�hn�/2N�
� 4N�

s�Z

sin2�hn − hs��
�hn − hs�2�2 . �C5�

In the limit of ��→�, the Gaussian distribution pn is much
broader than the last factor in Eq. �C4�, and we have

1 � N�
s�Z

1
�2��

exp�−
hs

2

2�2��
−�

�

dh
sin2�h − hs��
�h − hs�2�2

�C6�

�N�
s�Z

1
�2���

exp�−
hs

2

2�2��
−�

�

dx
sin2 x

x2 �C7�

=N��

2

1

��
�
s�Z

exp�−
hs

2

2�2� . �C8�

Assuming furthermore that ��	2N, the sum over the integer
s can be replaced by an integral and N can be fixed as

1 � N��

2

1

��
�

−�

�

ds exp�−
hs

2

2�2� =
N
2N �C9�

→N = 2N. �C10�

This result is equal to the exact result of N=2N, i.e.,

1 = N�
n

pn cos2�hn�1

2
�cos2�hn�2

2
�¯ cos2�hn�N

2
�
�C11�

=
N
4N �

s1=0

2

�
s2=0

2

¯ �
sN=0

2 � 2

s1
�� 2

s2
�¯ � 2

sN
����s1 − 1��1

+ �s2 − 1��2 + ¯ �sN − 1��N �C12�

=
N
4N2N → N = 2N. �C13�

Now that the density matrix is determined, the purity is
calculated as

PN,N = Tr �N,N
2 =

1

D
N2

16N�
n

pn
sin4 hn�

sin4�hn�/2N�
. �C14�

By the same arguments as above, we can approximate the
last factor as

sin4 hn�

sin4�hn�/2N�
� 16N�

s�Z

sin4�hn − hs��
�hn − hs�4�4 , �C15�

and under the condition ��	1, we have

�
n

pn
sin4 hn�

sin4�hn�/2N�
� 16N�

n

pn�
s�Z

sin4�hn − hs��
�hn − hs�4�4 �C16�

�16N�
s�Z

1
�2��

exp�−
hs

2

2�2�
��

−�

�

dh
sin4�h − hs��
�h − hs�4�4 �C17�

=16N�
s�Z

1
�2��

exp�−
hs

2

2�2�1

�

��
−�

�

dx
sin4 x

x4 �C18�

=16N
�2�

3

1

��
�
s�Z

exp�−
hs

2

2�2� . �C19�

Assuming ��	2N, the summation over s is replaced by an
integral, and we obtain

�16N
�2�

3

1

��
�

−�

�

ds exp�−
hs

2

2�2� =
2

3
8N, �C20�

→PN,N �
N2

D
1

16N�
n

pn
sin4 hn�

sin4�hn�/2N�
=

1

D
2

3
2N. �C21�

This expression reproduces very well the result in Fig. 8, i.
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